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Abstract
Recently, Schatten–Herz type Toeplitz operators have been studied on the Bergman spaces and the har-
monic Bergman spaces. Motivated these results, we study characterizations of positive Toeplitz operators
of Schatten–Herz type in terms of averaging functions and Berezin transforms of symbol functions on the
ball of pluriharmonic Bergman spaces.
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1. Introduction
For a fixed integer n  2, let B = Bn denote the open unit ball in Cn. The pluriharmonic
Bergman space b2 = b2(B) is the set of all complex-valued pluriharmonic functions f on B
such that
‖f ‖2 =
{∫
B
|f |2 dV
}1/2
< ∞,
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680 E.S. Choi, K. Na / J. Math. Anal. Appl. 327 (2007) 679–694where V denotes the Lebesgue volume measure on B . For 1 p ∞, let Lp = Lp(V ) be the
Lebesgue spaces on B . It is well known that b2 is a closed subspace of L2 and hence is a Hilbert
space.
We let Q be the Hilbert space orthogonal projection from L2 onto b2. Since each point evalu-
ation is a bounded linear functional on b2, for each z ∈ B , there exists a unique function Rz ∈ b2
which has the reproducing property
f (z) =
∫
B
f (w)Rz(w)dV (w), z ∈ B, (1.1)
for all f ∈ b2. More explicitly, the kernel Rz is given by
Rz(w) = 1
(1 − w · z¯)n+1 +
1
(1 − z · w¯)n+1 − 1 (1.2)
for z,w ∈ B . Here and subsequently, z · w¯ = z1w¯1 + · · · + znw¯n denotes the Hermitian inner
product on Cn.
It is well known that Q is an integral operator given by
Qψ(z) =
∫
B
ψ(w)Rz(w)dV (w), z ∈ B, (1.3)
for functions ψ ∈ L2. From (1.2), one can see that∣∣Rz(w)∣∣ C|1 − z · w¯|n+1 , z,w ∈ B, (1.4)
so that Rz is bounded for fixed z ∈ B . Thus, the projection Q can be extended to an integral
operator via (1.3) from L1 into the space of all pluriharmonic functions on B . Moreover, for
1 < p < ∞, it is known that Q is bounded projection from Lp onto bp . The integral transform
can be extended to M, the space of all complex Borel measures on B . That is to say, for each
μ ∈M, the integral
Qμ(z) =
∫
B
Rz(w)dμ(w), z ∈ B,
defines a function pluriharmonic on B .
For μ ∈M, the Toeplitz operator Tμ with symbol μ is defined by
Tμf = Q(f dμ)
for f ∈ b2 ∩ L∞. In case dμ = ϕ dV , we write Tμ = Tϕ . Note that Tμ is defined on a dense
subset of b2, because bounded pluriharmonic functions form a dense subset of b2.
A Toeplitz operator Tμ is called positive if μ ∈M is a positive (finite) Borel measure (we
will simply write μ  0). For positive Toeplitz operators, the results of the characterizations
(boundedness, compactness and membership of the Schatten classes) are proved in [2].
Previously, in the holomorphic case on the unit disk, M. Loaiza, M. López-García and
S. Pérez-Esteva [4] studied another aspect of positive Toeplitz operators. In short, they introduced
mixed norm spaces associated with Schatten classes, decomposed a given positive Toeplitz oper-
ator into a family of local operators and then characterized membership in those spaces in terms
of the so-called Herz spaces. Furthermore, in the case of harmonic Bergman space, B. Choe,
H. Koo and K. Na [1] obtained the analogous results on the ball and removed some restriction of
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monic Bergman spaces.
In order to state our results we first introduce some notations. Throughout this paper we let
Am =
{
z ∈ B: rm  |z| < rm+1
}
,
where rm = 1 − 2−m for each integer m 0. We will write χm for the characteristic function of
Am for each m. Also, given μ ∈M, we let μχm stand for the restriction of μ to Am for each m.
Let 1  p,q ∞ and μ ∈M. Let Sp denote the Schatten p-class described in Section 2. We
say that Tμ is a Schatten–Herz (p, q)-type operator if Tμχm ∈ Sp for each m and the sequence
{‖Tμχm‖Sp } belongs to q . We will write Sp,q for the space of all Schatten–Herz (p, q)-type
operators.
In this paper we give characterizations for a positive Toeplitz operator to be of Schatten–Herz
type. In view of results in [1,2,4], one may naturally expect characterizations to be in terms of
certain mixed norm spaces involving averaging functions and Berezin transforms. Such mixed
norm spaces turn out to be the so-called Herz spacesKpq (λ) consisting of all measurable functions
f on B such that the sequence {‖f χm‖Lp(λ)} belongs to q . From now on, we let λ denote the
measure on B defined by
dλ(z) = Rz(z) dV (z).
We refer to Section 2 for definitions of averaging functions μˆδ and Berezin transform μ˜ of
μ ∈M.
We can now formulate our main result.
Theorem 1.1. Let 1 p,q ∞, r ∈ (0,1) and μ 0. Then the following conditions are equiv-
alent:
(a) Tμ ∈ Sp,q .
(b) μ˜ ∈Kpq (λ).
(c) μˆr ∈Kpq (λ).
Remark. In [4], the equivalence (a) ⇔ (b) was proved only for the case p = 1 or p = q in
the holomorphic case. But, in [1], the equivalence was proved for all p and q in the harmonic
Bergman space on the ball.
In Section 2 we introduce some basic notions and review some of the standard facts about
averaging functions and Berezin transforms. Section 3 contains the various mapping properties
of the Berezin transform which will be the main tool in our argument. In the last section we give
the proof of the main result Theorem 1.1 and observe some consequences.
We often abbreviate inessential constants involved in inequalities by writing X  Y for pos-
itive quantities X and Y if the ratio X/Y has a positive upper bound. Also, we write X ≈ Y if
X  Y and Y X.
2. Some notions and facts
In this section we briefly review some basic notions and their properties.
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is then a function on B defined by
μ˜(z) =
∫
B
∣∣rz(w)∣∣2 dμ(w), z ∈ B,
where
rz(·) = Rz(·)‖Rz(·)‖2
is the normalized reproducing kernel. For ϕ ∈ L1, we define ϕ˜ = μ˜ where dμ = ϕ dV . The
notion of Berezin transform can be extended to non-integrable functions which belongs to some
weighted Lebesgue spaces. See Proposition 3.5 below.
For z, w ∈ B , z 	= 0, define
ϕz(w) = z − Pz(w)− (1 − |z|
2)1/2Qz(w)
1 −w · z¯ ,
where z ∈ B , Pz is the orthogonal projection of Cn onto the subspace 〈z〉 generated by z, i.e.,
Pz(w) = w · z¯|z|2 z if z 	= 0,
and let Qz = I − Pz. Then each ϕz is a biholomorphic self-map of B and ϕz ◦ ϕz is the identity
on B . Note that
1 − ∣∣ϕz(w)∣∣2 = (1 − |z|2)(1 − |w|2)|1 − z · w¯|2 , z,w ∈ B
(see [5, Section 2] for details). The pseudohyperbolic ball Er(z) with center z ∈ B and radius
r ∈ (0,1) is defined by
Er(z) = ϕz(rB).
Since ϕz is an involution, w ∈ Er(z) if and only if |ϕz(w)| < r . It is known that∣∣Er(z)∣∣≈ (1 − |z|2)n+1.
Here, and in what follows, we write |E| = V (E) for all Borel sets for E ⊂ B . For r ∈ (0,1)
fixed, the averaging function μˆr is defined by
μˆr (z) = μ[Er(z)]|Er(z)| , z ∈ B.
Also, we let μˆr = ϕˆr for dμ = ϕ dV .
The estimate of the kernel function along the diagonal is easily seen. Namely, it is straightfor-
ward from (1.1) to see that
Rz(z) = ‖Rz‖22 ≈
(
1 − |z|)−n−1 (2.1)
for z ∈ B . This estimate continues to hold even for points staying sufficiently close to the diagonal
in the sense that there exists some r0 ∈ (0,1) for which we have∣∣Rz(w)∣∣≈ (1 − |z|)−n−1 (2.2)
whenever z ∈ B and w ∈ Er0(z) (see [2, Lemma 2.1]). The following proposition says that aver-
aging functions over balls of small radii are dominated by Berezin transforms. This consequence
will be needed for our purpose.
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Proof. In order to see this note that we have by (2.1) and (2.2)∣∣rz(w)∣∣2 ≈ (1 − |z|)−n−1, w ∈ Er(z),
and the estimate is uniform in z ∈ B . So, for a given μ 0, the above fact yields
μˆr (z) ≈
(
1 − |z|)−n−1 ∫
Er(z)
1dμ(w)
≈
∫
Er(z)
∣∣rz(w)∣∣2 dμ(w)

∫
B
∣∣rz(w)∣∣2 dμ(w)
= μ˜(z)
as desired. The proof is complete. 
The following proposition comes from Lemma 3.1 of [2].
Proposition 2.2. Given r, s ∈ (0,1), there exists a constant Cr,s such that μˆr,s  Cr (̂μˆs)r for
μ 0.
Using subharmonicity and Fubini’s theorem, we get the following: given r ∈ (0,1), there is a
constant Cr such that∫
B
f dμCr
∫
B
f μˆr dV
for all f  0 subharmonic on B and μ 0.
The next proposition is an immediate consequence of the above estimate.
Proposition 2.3. Given r ∈ (0,1), there exists a constant Cr such that μ˜ Cr (˜μˆr ) for μ 0.
Proof. Applying the above estimate to the functions f = |rz|2, we obtain the desired result. 
We now turn to Schatten class operators. For a compact operator T on b2, let {sm(T )} be
the non-zero eigenvalues with multiplicity of |T | = (T ∗T )1/2 arranged so that the sequence is
non-increasing, where T ∗ denotes the Hilbert space adjoint of T . This sequence is called the
singular value sequence of T . For 1  p < ∞, we say that T is a Schatten p-class operator if
the singular value sequence {sm(T )} belongs to p . Let Sp be the space of all Schatten p-class
operators on b2. The space Sp is then a Banach space equipped with the norm
‖T ‖Sp =
{∑
m
∣∣sm(T )∣∣p}1/p.
See [6], for example, for more information and related facts. Also, we denote by S∞ the class of
all bounded linear operators on b2 and let ‖T ‖S∞ denote the operator norm ‖T ‖ of T ∈ S∞.
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a positive Toeplitz operator to be a member of the Schatten class Sp . Note that the case p = ∞
gives characterizations for boundedness, which is also included in Proposition 2.5. We did so for
easier reference later.
Proposition 2.4. Let 1 p ∞, r ∈ (0,1) and μ 0. Then the following conditions are equiv-
alent:
(a) Tμ ∈ Sp .
(b) μ˜ ∈ Lp(λ).
(c) μˆr ∈ Lp(λ).
Moreover, the equivalences ‖Tμ‖Sp ≈ ‖μ˜‖Lp(λ) ≈ ‖μˆr‖Lp(λ) hold.
We also mention that corresponding characterizations for boundedness and compactness come
from Theorems 3.9 and 3.12 of [2]. Here, L0 denote the space of all bounded functions f on B
such that f (z) → 0 as |z| → 1.
Proposition 2.5. Let r ∈ (0,1) and μ 0. Then the following conditions are equivalent:
(a) Tμ is bounded (compact) on b2.
(b) μ˜ ∈ L∞(L0).
(c) μˆr ∈ L∞(L0).
(d) The inclusion Jμ: b2 ⊂ L2(μ) is bounded (compact).
Moreover, the equivalences ‖Tμ‖ ≈ ‖μ˜‖L∞ ≈ ‖μˆr‖L∞ ≈ ‖Jμ‖2 hold.
The above proposition yields the following result. Since it is not mentioned in [2] explicitly,
we include a proof.
Proposition 2.6. Let μ ∈M and assume that T|μ| is bounded on b2. Then Tμ is bounded on b2
and
‖Tμ‖ C‖T|μ|‖
for some constant C independent of μ. If, in addition, T|μ| is compact on b2 , then Tμ is also
compact on b2.
Proof. Since T|μ| is bounded on b2 by assumption, the proof of Lemma 3.8 of [2] shows that∫
B
∫
B
∣∣Rz(w)∣∣dV (z) d|μ|(w) < ∞
and therefore one can apply Fubini’s theorem to justify∫
(Tμf )g¯ dV =
∫
f g¯ dμB B
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b2 ∩L∞, we can obtain the boundedness of Tμ on b2 with ‖Tμ‖ ‖J|μ|‖2. Thus, Proposition 2.5
gives us the first part of the proposition.
The rest of the proof runs as in the same manner of Proposition 2.6 of [1]. The proof is
complete. 
Finally, we recall the Herz spaces on the ball. Let α be real and 1 p,q ∞. Then the Herz
space Kp,αq is the space consisting of all functions f ∈ Lploc(V ) such that
‖f ‖Kp,αq =
∥∥{2−mα‖f χm‖Lp}∥∥q < ∞;
recall that χm denotes the characteristic function of the annulus Am. Equipped with the norm
above, the space Kp,αq is a Banach space.
Given γ real, let Vγ denote the weighted measure on B defined by
dVγ (z) =
(
1 − |z|2)γ dV (z).
Let 1 p < ∞ and α real. Then, given m 0, we have 1 − |z|2 ≈ 2−m for z ∈ Am and thus we
obtain
2−mα‖fχm‖Lp =
{ ∫
Am
(
2−mα
∣∣f (z)∣∣)p dV (z)}1/p
≈
{ ∫
Am
(
1 − |z|2)αp∣∣f (z)∣∣p dV (z)}1/p
≈ ‖f χm‖Lp(Vαp)
and this estimate is uniform in m. It follows that
‖f ‖Kp,αq ≈
∥∥{‖f χm‖Lp(Vαp)}∥∥q (2.3)
for 1 q ∞. In particular, since λ ≈ V−n−1, we have
‖f ‖Kp,−(n+1)/pq ≈
∥∥{‖f χm‖Lp(λ)}∥∥q
and this estimate is easily seen to be valid even for p = ∞. So, equipped with the norm of
Kp,−(n+1)/pq , the space Kpq (λ) is precisely the same as Kp,−(n+1)/pq for the full range 1  p,
q ∞. Also, note that
Kpp(λ) ≈ Lp(λ) (2.4)
for 1  p ∞. That is, these two spaces are the same as sets and have equivalent norms as
Banach spaces.
3. Berezin transform
In order to prove Theorem 1.1 in the next section, we deal with various mapping properties
of the Berezin transform. We begin with the Herz norm estimates of the kernel function. To the
purpose, we need the following fact (see [5, Proposition 1.4.10]). Here dS is a sphere measure
on ∂B .
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Jc(z) =
∫
∂B
dS(ζ )
|1 − z · ζ¯ |n+c
and
Iα,c(z) =
∫
B
(1 − |w|)α
|1 − z · w¯|n+1+α+c dV (w)
for z ∈ B . Then the following estimates hold:
Jc(z) ≈ Iα,c(z) ≈
⎧⎪⎨⎪⎩
1 if c < 0,
log 11−|z|2 if c = 0,
1
(1−|z|2)c if c > 0,
as |z| → 1.
Lemma 3.2. Let 1 p, q ∞ and assume −1/p < α < 2(n+1)− (n+1)/p. Then there exists
a constant C = Cα,p,q such that∥∥R2z∥∥Kp,αq  C(1 − |z|)2(n+1)−(n+1)/p−α
for z ∈ B .
Proof. Fix z ∈ B . We first estimate ‖R2zχm‖Lp . Note that for c > 0,∫
∂B
dS(ζ )
|1 − z · ζ¯ |n+c ≈
(
1 − |z|2)−c.
Thus, for p < ∞, (1.4) yields∥∥R2zχm∥∥pLp  ∫
Am
|1 − z · w¯|−2(n+1)p dV (w)
=
rm+1∫
rm
r2n−1
∫
∂B
|1 − rz · ζ |−2(n+1)p dS(ζ ) dr

rm+1∫
rm
(
1 − |rz|2)−2p(n+1)+n dr
 rm+1 − rm
(1 − rm+1|z|)2p(n+1)−n
 2
−m
(1 − |z| + 2−m|z|)2p(n+1)−n .
We therefore conclude∥∥R2zχm∥∥Lp  2−m/p−m 2(n+1)−n/p (3.1)(1 − |z| + 2 |z|)
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|Rz(w)| (1 − |z||w|)−n−1.
Now, we estimate the Herz norm of R2z . Let 1  q ∞. For |z|  1/2, it is easily see from
(3.1) that∥∥R2z∥∥Kp,αq  ∥∥{2−m(α+1/p)}∥∥q ≈ 1.
So, let |z| > 1/2. First, if (1 − |z|) 2−m, then we have by (3.1)
2−mα
∥∥R2zχm∥∥Lp  2−m(α+1/p)2−m(2(n+1)−n/p)
 1
(1 − |z|)2(n+1)−(n+1)/p−α .
Meanwhile, if (1 − |z|) > 2−m, then we have by (3.1)
2−mα
∥∥R2zχm∥∥Lp  2−m(α+1/p)(1 − |z|)2(n+1)−n/p
<
1
(1 − |z|)2(n+1)−(n+1)/p−α .
Then the case q = ∞ follows. Also, for q < ∞, it follows from these estimates that∥∥R2z∥∥qKp,αq =∑
m
2−mqα
∥∥R2zχm∥∥qLp

∑
mlog2(1−|z|)−1
2mq(2(n+1)−(n+1)/p−α)
+ 1
(1 − |z|)q(2(n+1)−n/p)
∑
m>log2(1−|z|)−1
2−mq(α+1/p)
 1
(1 − |z|)q(2(n+1)−(n+1)/p−α) ,
as desired. The proof is complete.
Note that Hölder’s inequality holds in the Herz space as∣∣∣∣∫
B
f g¯ dV
∣∣ ‖f ‖Kp,αq ‖g‖Kp′,−α
q′
(3.2)
for functions f ∈ Kp,αq and g ∈ Kp
′,−α
q ′ for the full range 1  p, q ∞ and arbitrary α real
(see [1] for the details). Here, and in what follows, p′ is the conjugate exponent of p.
The following consequence ensures that the Berezin transform continuously takes the Herz
spaces Kpq (λ) into L∞.
Proposition 3.3. Let 1 p, q ∞. There exists a constant C = Cp,q such that
‖ϕ˜‖L∞  C‖ϕ‖Kpq (λ)
for functions ϕ ∈Kpq (λ).
688 E.S. Choi, K. Na / J. Math. Anal. Appl. 327 (2007) 679–694Proof. Let ϕ ∈ Kpq (λ) and z ∈ B . We may assume ϕ  0. Recall that Rz(z) ≈ (1 − |z|)−n−1.
Thus, by (3.2) and Lemma 3.2 with α = −(n+ 1)/p, we obtain
ϕ˜(z) ≈ (1 − |z|)n+1 ∫
B
ϕ(w)
∣∣Rz(w)∣∣2 dV (w)

(
1 − |z|)n+1‖ϕ‖Kp,−(n+1)/pq ∥∥R2z∥∥Kp′,(n+1)/p
q′
 ‖ϕ‖Kp,−(n+1)/pq
(1 − |z|)n+1
(1 − |z|)2(n+1)−(n+1)/p′−(n+1)/p
= ‖ϕ‖Kp,−(n+1)/pq .
Since Kpq (λ) =Kp,−(n+1)/pq , the proof is complete. 
As a corollary we see that Toeplitz operators with Kpq (λ)-symbols are compact when q is
finite.
Corollary 3.4. Let 1 p ∞, 1 q < ∞ and ϕ ∈Kpq (λ). Then Tϕ is compact on b2.
Proof. Given an integer N  0, let ψN = ϕ(χ0 + · · · + χN) and τN = |ϕ − ψN |. Then, by
Propositions 2.6, 2.5 and 3.3, we have
‖Tϕ − TψN ‖ ‖TτN ‖ ≈ ‖τ˜N‖L∞  ‖τN‖Kpq (λ) = ‖ϕ −ψN‖Kpq (λ).
Meanwhile, since ‖ϕχm‖Lp(λ) ≈ ‖ϕχm‖Kpq (λ) for all m, we have
‖ϕ − ψN‖qKpq (λ) ≈
∑
mN+1
‖ϕχm‖qKpq (λ) → 0
as N → ∞ (remind q < ∞). Accordingly, we see that TψN → Tϕ in the operator norm. Note that
each operator TψN is compact on b2, because its symbol is supported in a compact subset of B .
Thus Tϕ is compact on b2. The proof is complete. 
We now turn to the boundedness of the Berezin transform on the spacesKp,αq for certain range
of parameters. As a preliminary step we establish the boundedness of the Berezin transform on
the weighted Lebesgue spaces Lp(Vγ ). We actually prove a more general version in the same
way as Theorem 1.9 of [3].
Given α and β real, we let
Ψα,βf (z) =
(
1 − |z|2)α ∫
B
f (w)
(1 − z · w¯)n+1+α+β dVβ(w)
and
Φα,βf (z) =
(
1 − |z|2)α ∫
B
f (w)
|1 − z · w¯|n+1+α+β dVβ(w)
for z ∈ B .
Proposition 3.5. Let 1 p < ∞ and α, β , γ be real. Then the following conditions are equiva-
lent:
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(b) Φα,β is bounded on Lp(Vγ ).
(c) −pα < γ + 1 < p(β + 1).
The following shows that Kp,αq -boundedness of the Berezin transform.
Proposition 3.6. Let 1  p < ∞, 1  q ∞ and α be real. If −(n + 1) − 1/p < α < 1/p′,
then the Berezin transform is bounded on Kp,αq . In particular, the Berezin transform is bounded
on Kpq (λ).
Proof. Assume −(n + 1) − 1/p < α < 1/p′, or equivalently, −(n + 1)p < αp + 1 < p. Note
that Kp,αq ⊂ L1 whenever α < 1/p′. Thus the Berezin transform is well defined on Kp,αq by the
condition of p. Choosing an  > 0 such that
−(n+ 1)p < αp ±  + 1 < p,
we see by Proposition 3.5 (with α = n + 1 and β = 0) that the Berezin transform is actually
bounded on Lp(Vαp±). In other words,∫
B
|f˜ χm|p dVαp±  C1
∫
Am
|f |p dVαp±
for each m 0. Note that 1 − |z| ≈ 2−m for z ∈ Am and m 0. Thus the above estimate yields∫
Ak
|f˜ χm|p dVαp ≈ 2∓k
∫
Ak
|f˜ χm|p dVαp±
 2∓k
∫
Am
|f χm|p dVαp±
≈ 2∓(k−m)
∫
B
|f χm|p dVαp,
so that∥∥(f˜ χm)χk∥∥Lp(Vαp)  2−|k−m|/p‖f χm‖Lp(Vαp) (3.3)
for all integers m,k  0. So, for each k = 0,1, . . . , we have by (3.3)
‖f˜ χk‖Lp(Vαp) 
∑
m
∥∥(f˜ χm)χk∥∥Lp(Vαp) ∑
m
2−|k−m|/p‖f χm‖Lp(Vαp)
and therefore conclude by (2.3)
‖f˜ ‖Kp,αq 
{∑
k
2−k/p
}∥∥{‖f χm‖Lp(Vαp)}∥∥q ≈ ‖f ‖Kp,αq ,
where the first inequality holds by Young’s inequality. This completes the proof of the first part of
the proposition. Taking α = −(n + 1)/p, we have the second part of the proposition. The proof
is complete. 
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that the Berezin transform takesM+ into itself.
The following lemma is needed for the proof of the implication (b) ⇔ (c) in our main result.
Lemma 3.7. Let f ∈M+. Then we have
‖f˜ χk‖L∞ 
∞∑
m=0
‖f χm‖L∞
2|m−k|
, k = 0,1, . . . .
Proof. Let k  0 be given and z ∈ Ak be an arbitrary point. We obtain by (3.1)
f˜ (z) ≈
∞∑
m=0
2−k(n+1)
∫
Am
f (w)
∣∣Rz(w)∣∣2 dV (w)

∞∑
m=0
‖fχm‖∞ 2
−m−k(n+1)
(2−k + 2−m|z|)n+2
≈
∞∑
m=0
‖fχm‖∞ 2
(m−k)(n+1)
(2m−k + |z|)n+2 .
We first consider k  1. Since |z| 1/2, we have
f˜ (z)
∞∑
m=0
‖fχm‖∞ 2
(m−k)(n+1)
(1 + 2m−k)n+2 .
If m k, then since 2m−k  1,
f˜ (z)
∞∑
m=0
‖fχm‖∞ 12m−k .
In the other case, since 1 + 2m−k  1, we have
f˜ (z)
∞∑
m=0
‖fχm‖∞ 12(k−m)(n+1) 
∞∑
m=0
‖f χm‖∞ 12k−m .
Therefore, we obtain
‖f˜ χk‖L∞ 
∞∑
m=0
‖f χm‖L∞
2|m−k|
if k  1. Also we can easily obtain the result in the case k = 1. The proof is complete. 
4. Positive Toeplitz operators in Sp,q
In this section we prove our main result (Theorem 1.1) and observe some consequences. Given
1 p,q ∞, recall that the space Sp,q consists of all Toeplitz operators Tμ of Schatten–Herz
(p, q)-type, meaning that Tμχm ∈ Sp for each m and the sequence {‖Tμχm‖Sp } belongs to q .
The norm of Tμ ∈ Sp,q is given by
‖Tμ‖Sp,q =
∥∥{‖Tμχm‖Sp}∥∥ q .
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all w that satisfy
|Pz(w)−Cz|2
r2ρ2z
+ |Qz(w)|
2
r2ρz
< 1,
where Cz = (1 − r2)z/(1 − r2|z|2), ρz = (1 − |z|2)/(1 − r2|z|2). Thus Er(z) is an ellipsoid with
center at Cz.
Lemma 4.1. Given r ∈ (0,1), let N be an integer with N > log2{(1 + r)/(1 − r)} such that
Er(z) ⊂
m+N⋃
k=m−N
Ak
for z ∈ Am and mN . Here, At = ∅ if t < 0.
Proof. Note that the intersection of Er(z) with 〈z〉 is a disk of radius rρz and the intersection
of Er(z) with the real (2n − 2)-dimensional space perpendicular to 〈z〉 at Cz is a ball of much
larger radius r√ρz. Furthermore, since ρz and the denominator in Cz are radial functions of z,
to determine whether Er(z) intersects a diadic annulus we may assume z = (z1,0, . . . ,0) where
z1 ∈ [0,1) and estimate Cz + rρz and Cz − rρz. Then, we can prove this lemma by the same way
as in the proof of Lemma 2.4 of [4]. 
Now our main result is stated again and proved. We also show the equivalences of the associ-
ated norms.
Theorem 4.2. Let 1 p,q ∞, r ∈ (0,1) and μ 0. Then the following conditions are equiv-
alent:
(a) Tμ ∈ Sp,q .
(b) μ˜ ∈Kpq (λ).
(c) μˆr ∈Kpq (λ).
Moreover, the equivalences ‖Tμ‖Sp,q ≈ ‖μ˜‖Kpq (λ) ≈ ‖μˆr‖Kpq (λ) hold.
Proof. We first show the equivalence (a) ⇔ (c). It is sufficient to show the estimate
‖μˆr‖Kpq (λ) ≈ ‖Tμ‖Sp,q . (4.1)
We prove this for q < ∞; the case q = ∞ is simpler. Fix μ 0 and choose t as in Lemma 4.1.
Let μm = μχm for each m 1. We then have by Lemma 4.1
μˆrχm =
m+t∑
k=m−t
(μ̂k)r ,
and thus
‖μˆrχm‖qLp(λ)  (2t + 1)q
m+t∑ ∥∥(μ̂k)r∥∥qLp(λ)k=m−t
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∞∑
m=t
‖μˆrχm‖qLp(λ)  (2t + 1)q+1
∞∑
k=0
∥∥(μ̂k)r∥∥qLp(λ). (4.2)
An easy modification yields a similar estimate for ‖μˆrχ0‖qLp(λ). Accordingly, we conclude
‖μˆr‖qKpq (λ) 
∞∑
k=0
∥∥(μ̂k)r∥∥qLp(λ) ≈ ∞∑
k=0
‖Tμk‖qSp = ‖Tμ‖
q
Sp,q
, (4.3)
where the second equivalence comes from Proposition 2.4.
We now prove the other direction of the estimate (4.3). Note that Er(z) can intersect Am only
when m t and z ∈⋃m+tk=m−t Ak by Lemma 4.1. Thus, we have
(μ̂m)t =
m+t∑
k=m−t
(μ̂m)rχk 
m+t∑
k=m−t
μˆrχk,
and thus∥∥(μ̂m)r∥∥qLp(λ)  (2t + 1)q m+t∑
k=m−t
‖μˆrχk‖qLp(λ)
for each m t . Summing up these estimates, we have
∞∑
m=t
∥∥(μ̂m)r∥∥qLp(λ)  (2t + 1)q+1 ∞∑
k=0
‖μˆrχk‖qLp(λ). (4.4)
Also, an easy modification yields a similar estimate for
∑t−1
m=0 ‖(μ̂m)r‖qLp(λ). Consequently, re-
versing the estimate in (4.3), we obtain
‖Tμ‖qSp,q  ‖μˆr‖
q
Kpq (λ)
and thus we conclude (4.1).
Next, we prove the equivalence (b) ⇔ (c). Choose s ∈ (0, r0) where r0 is the number provided
by Proposition 2.1. Then, by (4.1) and Proposition 2.1, we have
‖μˆr‖Kpq (λ) ≈ ‖μˆs‖Kpq (λ)  ‖μ˜‖Kpq (λ)
for the full range 1 p,q ∞.
On the other hand, by Propositions 2.3 and 3.6, we have
‖μ˜‖Kpq (λ) 
∥∥(˜μˆr )∥∥Kpq (λ)  ‖μˆr‖Kpq (λ)
for 1 p < ∞ and 1 q ∞. Also, for p = q = ∞, we have ‖μˆr‖L∞ ≈ ‖μ˜‖L∞ by Proposi-
tion 2.4 and (2.4).
Now, consider the case where p = ∞ and q < ∞. Note that, given r ∈ (0,1), there exists
a constant C = C(r) such that
‖μ˜χk‖L∞  C
∞∑ ‖(μ̂χm)r‖L∞
2|m−k|
, k = 0,1, . . . ,m=0
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(a) ⇔ (c). Thus, we obtain
‖μ˜‖K∞q (λ) ≈
∥∥{‖μ˜χk‖L∞}∥∥q 
{ ∞∑
k=0
2−k
}∥∥{∥∥(μ̂χm)r∥∥L∞}∥∥q
by Young’s inequality. Meanwhile, we have
∥∥{∥∥(μ̂χm)r∥∥L∞}∥∥q 
{ ∞∑
k=0
‖μˆrχk‖qL∞
}1/q
≈ ‖μˆr‖K∞q (λ)
as in the proof of (a) ⇔ (c) above. Combining these estimates, we have ‖μ˜‖K∞q (λ)  ‖μˆr‖K∞q (λ),
as desired. This completes the proof. 
In the remainder of this section we observe some consequences. Given r ∈ (0,1), it is not hard
to see that the averaging operator ϕ → ϕˆr is Lp(λ)-bounded for p = 1 or p = ∞ and thus for all
1 p ∞ by the Riesz–Thorin interpolation theorem. It turns out that the averaging operator is
bounded on each of the Herz spaces Kpq (λ). Combining this fact with Theorem 4.2, we have the
boundedness of the Berezin transform on K∞q (λ) which is except in the case in Proposition 3.6.
Corollary 4.3. Let 1 p,q ∞ and r ∈ (0,1). Then the averaging operator ϕ → ϕˆr is bounded
on Kpq (λ). Also, the Berezin transform is bounded on Kpq (λ).
Proof. Let ϕ ∈Kpq (λ) and assume ϕ  0 without loss of generality. Then we have the following
relations except the case p = ∞ and q < ∞:
‖ϕˆr‖Kpq (λ) ≈ ‖ϕ˜‖Kpq (λ)  ‖ϕ‖Kpq (λ)
by Theorem 4.2 and Proposition 3.6.
Now consider the remaining case. We can have the following:
‖ϕ˜‖qK∞q (λ) ≈ ‖ϕˆr‖
q
K∞q (λ) 
∞∑
k=0
∥∥(ϕ̂χk)r∥∥qL∞  ∞∑
k=0
‖ϕχk‖qL∞ ≈ ‖ϕ‖qK∞q (λ),
which are due to Theorem 4.2 and the first inequality in (4.3). The proof is complete. 
Next, the following is an immediate consequence of (2.4), Proposition 2.4 and Theorem 4.2.
Corollary 4.4. Let 1 p ∞ and μ 0. Then Tμ ∈ Sp,p if and only if Tμ ∈ Sp .
Also, we observe that the operator norm of positive Toeplitz operators are dominated by their
Sp,q -norms. This consequence in turn implies that operators in Sp,q are all compact for finite q .
Corollary 4.5. Let 1 p,q ∞. Assume μ ∈M and T|μ| ∈ Sp,q . Then
‖Tμ‖ C‖T|μ|‖Sp,q
for some constant C = Cp,q independent of μ. If q < ∞ and dμ = ϕ dV in addition, then Tμ is
compact on b2.
694 E.S. Choi, K. Na / J. Math. Anal. Appl. 327 (2007) 679–694Proof. By Proposition 2.6 we may assume μ 0 without loss of generality. First, we have
‖Tμ‖ ≈ ‖μˆr‖∞ 
∥∥(̂μˆr )r∥∥∞
by Propositions 2.4 and 2.2. Meanwhile we have∥∥(̂μˆr )r∥∥∞ ≈ ∥∥(˜μˆr )∥∥∞  ∥∥(μˆr )∥∥Kpq (λ) ≈ ‖Tμ‖Sp,q
by Propositions 2.4, 3.3 and Theorem 4.2. This proves the first part of the corollary.
Recall that the Berezin transform is bounded on Kpq (λ) for p < ∞ by Proposition 3.6. Also,
for q < ∞, note that ϕ(χ0 + · · · + χN) → ϕ in Kpq (λ) as N → ∞ for functions ϕ ∈Kpq (λ). So,
the second part of the lemma follows as in the proof of Corollary 3.4. The proof is complete. 
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